With all the progress that has been made in the highspeed surface electric transport, it has become necessary to take into account the wave processes taking place in a railroad track and in the ground under the track. In papers [1] [2] [3] it is shown that a railroad track is mainly affected by surface waves whose velocity in a soft ground (peat) may be of the order of 200 km/h. Since the velocity of today's high-speed trains may exceed 200 km/h, it is clear that the study of the surface elastic waves generated by a moving load is urgent.
With all the progress that has been made in the highspeed surface electric transport, it has become necessary to take into account the wave processes taking place in a railroad track and in the ground under the track. In papers [1] [2] [3] it is shown that a railroad track is mainly affected by surface waves whose velocity in a soft ground (peat) may be of the order of 200 km/h. Since the velocity of today's high-speed trains may exceed 200 km/h, it is clear that the study of the surface elastic waves generated by a moving load is urgent.
In this paper we investigate one aspect of this problem, namely, we analyze the work of a source providing the motion of a load with constant velocity. Since in the mechanics of elastic systems this problem is practically ignored, we consider one of the simplest models with a two-dimensional wave field represented by a membrane mounted on an elastic base. The load is modeled by a point object moving along the membrane uniformly and linearly.
Based on the law of change of energy, we derived a relationship for the work of a source maintaining a uniform motion of the load. Neglecting the energy loss, we have shown that, for the load velocity V not exceeding the velocity of transverse waves c in the membrane, this work is equal to zero, and, in the opposite case ( V > c ), it is infinite. The latter result is a consequence of a jump discontinuity, which occurs in the membrane displacement at the boundary of the two-dimensional analog of the Mach cone formed in the membrane at V > c .
The effect of the internal friction in the membrane (according to the Voigt rheological model [4] ) on the load-generated field and the work of the source maintaining the uniform motion of the load had been studied. It was found that the internal friction eliminates all singularities of the field generated by the load. With an increase in friction, the source work grows at V < c and drops at V > c .
We consider the oscillations of a membrane mounted on an elastic base and excited by a point object moving uniformly and linearly along the membrane. We assume that the friction in the contact is absent, and the vertical component of the object's reaction to the membrane is constant and equal to P (Fig. 1) . In this case, the equation for small vertical oscillations of the membrane has the form
Here, u is the vertical displacement of the membrane, ρ and N are its surface density and tension, k is the modulus of elasticity of the base underlying the membrane, and V is the velocity of the object.
We determine the work per unit time of the force F with which the object acts on the membrane, i.e., the power transferred from the object to the membrane. This power determines the work of the source maintaining the uniform motion of the load. To do this, we multiply both sides of equation (1) by u t , which yields where h = ( ρ + N ( + ) + ku 2 ) is the energy density (the Hamiltonian of a distributed system), S = -Nu t ∇ u is the energy flux (the analog of the Poynting vector), and -Pu t δ ( x -Vt ) δ ( y ) is the surface power density of the external source of the force F acting on the membrane.
Integrating (2) with respect to x and y gives a global law of change of energy of a membrane on an elastic base. The right-hand side of the expression obtained after the integration describes the power transferred to the membrane from the object
We note that in a steady state, the point of contact moves strictly horizontally, and, therefore, the work is done only by the horizontal component R of the force
For calculating the quantity Q , we need to know the membrane displacement u ( x , y , t ) . In a steady state, the field of the membrane displacement is stationary in the coordinate system ξ = x -Vt moving with the load. In this coordinate system, we have u x = u ξ and u t = -Vu ξ , and equation (1) has the form
Here, c = is the velocity of the wave propagation in the membrane and h = is the cut-off frequency. We apply an integral Fourier transform to (4)
with respect to coordinates ξ and y:
In the form of transforms, we obtain
where
Making an inverse transformation of (6), we obtain the expression for u(ξ, y):
For its computation, we first consider the integral
which can be calculated by the contour integration. According to the Jordan lemma, for ξ > 0 the contour of integration should be closed in the lower half-plane of the complex variable k 1 , and for ξ < 0 it should be closed in the upper half-plane. When the load velocity is less than the wave velocity in the membrane, i.e., β 2 < 0, the integrand function has two simple poles located on the imaginary axis symmetrically about the real axis. Calculating (8) by using the residue theorem and substituting the result of integration into expression (7), we obtain
The integral in (9) is a tabular one [5] :
where Reb > 0, Reν > 0, and K 0 is the modified Bessel function of the second kind. Consequently, the displacement of the membrane at V < c is described by the expression
When the load velocity exceeds the wave velocity in the membrane, the poles of the integrand function in (8) lie on the integration path, i.e., on the real axis. In this case, for a correct integration, it is necessary to choose the appropriate path of bypassing the poles. For this purpose, we introduce a low loss in the equation describing the membrane dynamics, for example, a loss due to the viscosity of the elastic base. Then, the term 2δu t , where 0 < δ Ӷ 1, appears in the left-hand side of equation (1), and integral (8) takes the form
The poles of the integrand in formula (12) lie in the upper half-plane symmetrically about the imaginary axis. Hence, the value of the integral (12) is nonzero only at ξ < 0. Performing the contour integration, passing to the limit δ 0 in the expression obtained for I, and substituting the result into (7), we arrive at the expression
where H is Heaviside function. The integral in equation (13) is a tabular one [5] :
where J 0 is the Bessel function of the first kind. Finally, we have
From the obtained solutions (11) and (15) it follows that, for V < c. the transverse displacement of the membrane is localized near the point of the load application and tends to infinity at the very point of contact. At V > c, the transverse displacement of the membrane is concentrated within the angle |y| < |ξ|(c/β), (ξ < 0), which is analogous to the Mach cone formed in the course of a supersonic motion of an object in atmosphere. At the sides of this angle, the membrane displacement has a discontinuity equal to P/2ρβc. Thus, we have determined the membrane displacement. Now, we return to the calculation of the power
given to the membrane by the load. For calculating integral (3), we represent the δ-functions as the limit (16) Then, the expression for Q at V < c can be written as
The integrand in (17) is an odd function of the variable ξ; hence, the integral taken with respect to ξ within symmetric limits is equal to zero. Therefore, the work required for maintaining a uniform motion of a constant load along a membrane on an elastic base also equals zero in the subcritical case (V < c).
For the supercritical case (V > c), taking into account that J 0 (0) = 1 and (0) = J 1 (0) = 0, we obtain
As is seen from (18), the relation for Q consists of two terms. We designate the first term by Q 1 and calculate it:
The second term in (18), like the first one, is nonnegative; consequently, it cannot change the judgment regarding the convergence of (18). This allows us to conclude that Q equals infinity. Hence, an infinite power is needed for maintaining the uniform motion of a load in the supercritical case.
This result is a consequence of the physically unrealizable discontinuity of the membrane displacement at the sides of the "Mach angle." This discontinuity, as well as the infinite displacement of the membrane under the load in the subcritical case, may be eliminated by introducing an internal friction in the mem- ------------------------------------------------------------------ .
brane. To prove it, we introduce an internal friction according to the Voigt rheological model by adding to the left-hand side of (1) the term N 1 (u xx + u yy ):
Here, N 1 is the coefficient characterizing the internal friction in the membrane. Introducing the dimensionless variables τ = ht and {x n , y n } = {x, y}(h/c) and passing to the "current" coordinate ξ = x n -ατ, where a =
, we obtain from (20):
Applying an integral Fourier transform (5) to equation (21), finding the solution in the space of transforms, and then making an inverse transformation with respect to k 2 by using the contour integration, we obtain the following expression for u:
where A = (N 1 hα/N) . The results of the numerical integration of equation (21) are presented in Figs. 2 and 3 displaying the characteristic profiles of the transverse displacement of the membrane under the load. For the subcritical case, as is seen from Fig. 2 , the membrane displacement is localized near the load, as before. But the displacement at the point of contact is limited. Figure 3 shows that, with allowance for the internal friction, the field of the membrane displacement remains localized within the "Mach angle." The behavior of the displacement changes qualitatively only at the sides of the angle where the membrane displacement becomes a continuous function tending smoothly to zero outside this angle.
The work of the external source can be found numerically from relation (3) that remains valid with allowance for the internal friction. Figure 4 displays the dependence of the work normalized to (P 2 Vh/4πρc 3 ) on the load velocity normalized to c for two values of the internal friction in the membrane. As is seen from the figure, with a decrease in friction, the power required for maintaining the uniform motion of the load decreases in the subcritical case and increases in the supercritical case. The maximum work shifts toward the load velocity V = c, i.e., the velocity of transverse waves in the membrane.
CONCLUSIONS
The discussed problem of the work provided by a moving source of disturbances and associated with the wave generation may be of great practical importance. This is connected with the fact that modern high-speed trains may move at velocities close to the velocity of surface waves propagating in the ground underlying the railroad track. Obviously, the part of the power of locomotive's engine that is spent for the wave generation may be quite substantial. For evaluating the order of the radiation loss, it is necessary to consider realistic models of a railroad track. However, before analyzing complex models, one must evaluate the difficulties that may be encountered in this study. One of these, connected with the discontinuity of the displacement field generated by a moving point object, is discussed in this paper. It is shown that one of the ways of eliminating the discontinuity of the displacement field may be the introduction of internal friction in the elastic system model, which makes it possible to obtain smooth solutions while remaining in the framework of a linear model. It seems that in this way it will be possible to correctly analyze the loss connected with the motion of a load in a half-space where the problem of discontinuity of the solution is even more acute. As is shown in [6] , the field of displacements of a half-space surface excited by a point load moving at a speed exceeding the Rayleigh wave velocity has a discontinuity of the second kind at the sides of the angle within which the surface waves are radiated. 
